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The Dirac Hamiltonian with the Aharonov-Bohm potential provides an example of a non-
Fredholm operator for which all spectral asymmetry comes entirely from the continuous
spectrum. In this case one nds that standard denitions of the resolvent regularized,
the heat kernel regularized, and the Witten indices miss the contribution coming from
the continuous spectrum and give vanishing both the spectral asymmetry and the axial
anomaly. This behaviour in the case of the continuous spectrum seems to be general and
its origin is discussed.
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1 Introduction






with supersymmetry. It can
be written in the form [1]
H = Q+M; (1)








; fQ; g = 0; (2)







The physical examples are provided by the Dirac Hamiltonian with a scalar eld, the
Dirac Hamiltonian with and without anomalous electric and magnetic moments in elec-
tromagnetic elds, the Klein-Gordon equation in an external magnetic eld, and Dirac
type operators over Riemannian manifolds (see [1], pp. 151-154 and references therein).
For a supercharge Q, the \Fredholm index" is dened as
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are \close" in the sense that their







are unitary equivalent (see [1], p. 144). Therefore,







where (E) is the spectral asymmetry. The latter can be dened as the dierence between
spectral densities (E) for positive and negative energy continuums (cf. [2]),
(E) = (E)   ( E); (6)




































In the physically most important case, Q is not Fredholm since 0 is not isolated



























or, if exp ( Q
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Q to be in-
dependent, respectively, of z and of t. Therefore, one denes a parameter independent
index as










whenever either the rst or the second limit exists. Index W (Q) is called the Witten
index [1, 3]. This denition reduces to the notion of the Fredholm index whenever Q is
Fredholm [1]. The axial anomaly A(Q) can be dened in terms of ind
z
Q as [1]






In the case that the spectral asymmetry (E) comes from the point spectrum, the
Witten index coincides with . However, we shall show that denition (10) of the Witten
index does not equal to  if the spectral asymmetry comes entirely from the continuous
part of the spectrum. In particular, in the case of the Dirac Hamiltonian in the presence




Q, and W (Q), and consequently the
axial anomaly A(Q) as dened by (11), turn out to be zero.
2 Krein's spectral shift function
In order to calculate the resolvent regularized index, ind
z
Q, we shall use Krein's formula
[4] which provides an ecient way of calculating traces such as the trace in (8). Let us




















































which means essentially that the operation on the left hand side in (13) has meaning.





















The Witten index and the axial anomaly are then given as [1]
W (Q) =  (0) and A = (1): (16)








are, respectively, perturbed and unperturbed










where S() is the on-the-energy-shell S matrix [6]. We have used formulas (13) and (17)
to calculate the change in the density of states for various physical systems, including elec-
tromagnetic waves [7], the Pauli, the Schrodinger [8, 9], the Dirac, and the Klein-Gordon
Hamiltonians in the presence of the Aharonov-Bohm potential, and the gravitational vor-
tex [2].
Important point is that validity of Krein's formula (13) together with representation
(17) of Krein's spectral displacement operator () is not restricted to a particular oper-
ator, such as the Schrodinger operator or the Dirac operator, but can be applied to any




(subject to the condition that they are trace comparable). In
the latter case, the formal S matrix can be dened in the same way as the \physical" S










. Then, for the

















are rotationally symmetric, the S matrix in


















() is the relative phase shift of the scattering solution of T
1
with respect to
the scattering solution of T
2
































coincide except for the zero energy, one expects




will be relatively simple.
We shall conrm this expectation by explicit calculations.
3 The Dirac Hamiltonian in the Aharonov-Bohm po-
tential
Let us illustrate the above procedure for the case of the Dirac Hamiltonian in the presence














where  = 
0
is the total ux through the ux tube and 
0
is the ux quantum,

0
= hc=jej. Let us write  = n+  where n and  are, respectively, the integer and the
fractional part of .
After separation of variables in polar coordinates, the Dirac Hamiltonian H(A) reduces















































































































= l + 1 + ; (26)
with g
m
= 1 [1, 12].
3.1 Spectrum and scattering phase shifts
Point spectrum of the Dirac Hamiltonian H in the AB potential is empty [2]. There are
no threshold modes [ zero modes in the case that M = 0 in (1)] in the spectrum. For a
threshold state at E = m to exist, the lower component 
2

















(r) = 0: (27)
Similarly, at the threshold E =  m, 
1
must vanish and 
2










(r) = 0: (28)
















[(0;1); rdr] for any l. If they are square integrable
at the innity they are not so at the origin and vice versa.
Continuous spectrum of the Dirac Hamiltonian H for E > m in the AB potential is





































N is a normalization factor, and "
l











In what follows, E will stand for jEj. The square integrability at the origin xes the sign
of "
l
except for the channel l =  n   1 [11]. Except for the channel l =  n   1, phase
shifts of up and down components of (r) are invariant under the change of the sign of









 ; l >  n  1;
; l <  n  1:
(33)
The crucial point for our discussion is that two-component solutions of the massive
Dirac equation have only one degree of freedom that is reected in the equality of up
and down phase shifts [13]. The ambiguity in the channel l =  n  1, which is relevant
when dierent self-adjoint extensions of the Dirac Hamiltonian in the Aharonov-Bohm
potential are discussed [2, 8, 9, 11, 13, 14], does not play any role here, because, despite
that the actual value of the phase shift depends on the particular self-adjoint extension,
up and down phase shifts in a given self-adjoint extension are always equal. Therefore,







































Q = 0: (36)
Similarly, by using denitions (10-11), or, relation (16), one has
W (Q) = A(Q) = 0; (37)
which contradicts the result for the axial anomaly of the Dirac Hamiltonian in the
Aharonov-Bohm potential (see, for example, [2, 15]).
4 Discussion and conclusions
We have shown, by analyzing the example of the Dirac Hamiltonian in the Aharonov-
Bohm potential, that standard denitions (8-11) of the resolvent regularized, the heat
6
kernel regularized, and the Witten indices miss the contribution coming from the continu-
ous spectrum. This behaviour is not restricted to the special case of the Aharonov-Bohm
potential but is valid for a general potential. The crucial point, as it has been said above,
is that two-component solutions of the massive Dirac equation have only one degree of
freedom that is reected in the equality of up and down phase shifts [13]. Therefore,
by using Krein's formulas (14), (15), and (17), the contribution of the continuous spec-
trum to indices will always be zero. Indeed, denitions (8-11) were tailored to count the
dierence in number of modes having, respectively, the upper and the lower component
identically equal to zero. The latter are the standard threshold (zero) modes. However,
both components of the Dirac spinor of a scattering mode are not identically zero, and
denitions (8-11) are not sensitive enough to reect a nonzero spectral asymmetry in this
case. The latter statement can be rephrased as that denitions (8-11) are not sensitive to
the change E ! E in the sign of the energy: in the example discussed here, phase shifts
in the critical channel l =  n  1 are not invariant under the sign reversal of the energy,
nevertheless denitions (8-11) give vanishing answer. As a result, in the non-Fredholm
and the noncompact cases one must use denition (7) for the spectral asymmetry in order










(see, for example, [2]). Otherwise, if one




, the denition of the spectral asymmetry [1] in terms of


































We hope that we have suciently demonstrated the eciency of Krein's formulas (13)
and (17) for calculation of traces such as the trace in (8) in the case when scattering phase
shifts are known, and we think that Krein's formulas could be a useful substitute to the
path integral calculation of indices of the Dirac Hamiltonian [16].
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